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We generalize Greenberger-Horne-Zeilinger (GHZ) theorem to an arbitrary number of D-
dimensional systems. Contrary to conventional approaches using compatible composite observables,
we employ incompatible and concurrent observables, whose common eigenstate is still a generalized
GHZ state. It is these concurrent observables which enable to prove a genuinely N-partite and
D-dimensional GHZ theorem. Our principal idea is illustrated for a four-partite system with D
which is an arbitrary multiple of 3. By extending to N qudits, we show that GHZ theorem holds as
long as N is not divisible by all nonunit divisors of D, smaller than N .
I. INTRODUCTION
The inconsistency of (local) hidden variable theories
with quantum mechanics fascinates many researchers. It
has been discussed in many theoretical [1] and experi-
mental works [2]. Bell’s theorem, one of the most pro-
found discoveries concerning the foundations of quan-
tum mechanics, states that any local realistic theory
is incompatible with quantitative predictions of quan-
tum mechanics. Even though Bell’s theorem was studied
mostly in terms of statistical inequalities, a more strik-
ing conflict, without inequalities, was also shown for a
multiqubit system by Greenberger, Horne, and Zeilinger
(GHZ) [3]. They derived an all-versus-nothing contra-
diction based on perfect correlations for so-called GHZ
states. This leads to a direct refutation of Einstein-
Podolsky-Rosen (EPR) ideas on the relation between
locality and elements of reality with quantum mechan-
ics [4].
This is a striking blow right into the very basic ideas
linked with local hidden variables. After all, EPR used
the concept of (local) elements of reality to support their
claim that quantum mechanics is incomplete. All this
can be best explained using the three particle GHZ para-
dox. Take a state |GHZ〉 = 1√
2
(|+++〉−|−−−〉), where
|±〉 denotes states associated with the eigenvalues ±1 of
the local Pauli σz operator. The operators σx ⊗ σx ⊗ σx,
σx⊗σy⊗σy, σy⊗σx⊗σy, and σy⊗σy⊗σx all commute,
and their eigenstate is |GHZ〉. The eigenvalues are −1,
1, 1, and 1, respectively, which signify perfect (GHZ)-
EPR correlations. This would please any local realist.
Assume that the particles are far away from each other,
and three distant independent observers can perform ex-
periments on them, choosing at will the observables. For
example, the first and the second one may choose σx and
their measurement results are 1 and −1, respectively. In
such a case, they can together predict with certainty what
would have been the result of the third observer had he or
she chosen to measure also σx. Simply the local results
must multiply to the eigenvalue of the joint observable
σx⊗ σx⊗σx, and this is −1. Thus, the third observer, if
the hypothetical case of him or her choosing to measure
σx really happens, must for sure get 1. Thus, as EPR
would say, this value is an element of reality, because
in no way the distant choices, and obtained results can
influence anything that happens at the location of the
third observer (especially if measurements actions, are
spatially separated events in the relativistic sense of this
term, and the measurement choices are made some time
after the particles are emitted from a common, say cen-
tral, source). For such counterfactual reasonings one can
use any of the four perfect correlation cases for the joint
measurements given above, and apply to each observer.
Thus, it seems that one can ascribe elements of reality
of to all local situations, no matter whether the local
observable is σx or σy. Note that these are incommen-
surable. Let us denote such elements of reality, related
with a single emission act of three particles, by rkw, where
w = x, y denotes the observable, and k = 1, 2, 3 denotes
the observer. Obviously rkw = ±1. For the four cases of
GHZ-EPR perfect correlations one therefore must have
r1xr
2
xr
3
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1
xr
2
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x = 1. If
one multiplies these four relations side by side, one gets
1 = −1. Thus an attempt of introducing EPR elements
of reality leads to a nonsense. Ergo, elements of reality
are a nonsense. No other argument against local realism
could be more striking.
Extending Bell’s theorem to more complex systems
such as multipartite and/or high-dimensional systems
[5] is important not only for a deeper understanding
of foundations of quantum mechanics. It is associated
with developing new applications in quantum informa-
tion processing, such as quantum cryptography, secret
sharing, quantum teleportation, reduction of communica-
tion complexity, quantum key distribution, and random
numbers generation [6–10]. Similarly to Bell’s theorem,
also all-versus-nothing tests, which we call GHZ theorem,
have been generalized to higher dimensional systems. For
the sake of convenience, we shall use the tuple (N,M,D)
to denote N parties,M measurements for each party, and
D distinct outcomes for each measurement. In Ref. [11],
the GHZ theorem was derived for a (D + 1, 2, D) prob-
lem. A probabilistic but conclusive GHZ-like test was
shown for (D, 2, D) in Ref. [12]. The (N, 2, D) problem
2for oddN > D and evenD was studied by Cerf et al. [13].
Lee et al. showed the GHZ theorem for more general
cases, (odd N, 2, evenD), by an unconventional approach
using incompatible observables [14]. Recently, Tang et
al. generalized GHZ theorem to the N(≥ 4)-partite case
and even-D dimensional systems with the help of GHZ
graphs [15]. Despite such an intensive progress in ex-
tending GHZ theorem, many cases of N -partite and D-
dimensional systems remain still as open problems.
We generalize the GHZ theorem to three or higher D-
dimensional systems. To this end, we employ concurrent
composite observables which, in contrast with the stan-
dard approach, are mutually incompatible but still have a
common eigenstate, here a generalized GHZ state. They
can be realized by multiport beam splitters and phase
shifters, as it is shown in Refs. [11, 14]. We first illus-
trate our principal idea with four 3d-dimensional systems
and then provide a systematic method, so as to extend
it to three or higher D-dimensional systems. Finally, we
show a GHZ-type contradiction, as long as N is not di-
vided by all nonunit divisors of D, smaller than N . Our
generalization is genuinely N -partite and D-dimensional
and can reproduce the previous results [3, 11, 13, 14].
This approach can lead to a general GHZ theorem for N
qudits.
II. CONCURRENT OBSERVABLES
Some sets of observables have a common eigenstate.
If a system is prepared in the eigenstate, the mea-
surement results for such observables are concurrently
appearing with certainty. Such observables are called
“concurrent” [14]. For a quantum system of dimension
D(> 2), consider two Hermitian operators Aˆ and Bˆ such
that Aˆ = a|ψ〉〈ψ| + Aˆ⊥ψ and Bˆ = b|ψ〉〈ψ| + Bˆ
⊥
ψ with
Aˆ⊥ψ (Bˆ
⊥
ψ )|ψ〉 = 0. The state |ψ〉 is then a common eigen-
state of both observables as Aˆ(Bˆ)|ψ〉 = a(b)|ψ〉, even if
[Aˆ, Bˆ] = [Aˆ⊥ψ , Bˆ
⊥
ψ ] 6= 0 [16].
Such concurrent observables can be constructed by the
method introduced in Ref. [14]. Consider a unitary oper-
ator Uˆ , which is of the form of Uˆ = eiφ|ψ〉〈ψ|+ Uˆ⊥ψ with
Uˆ⊥ψ |ψ〉 = 0. Here Uˆ
⊥
ψ is a unitary operator on a spaceH
⊥
ψ
which is defined by the requirementH = Hψ⊕H
⊥
ψ , where
Hψ is the one-dimensional space containing |ψ〉. Every
such unitary operator leaves the state |ψ〉 unchanged, up
to a global phase: If the state |ψ〉 satisfies Aˆ|ψ〉 = λ|ψ〉,
then all transformed operators BˆU = Uˆ AˆUˆ
† are concur-
rent with Aˆ.
ConsiderN qudits prepared in a generalized GHZ state
|ψ〉 = 1√
D
∑D−1
n=0
⊗N
k=1 |n〉k, where |n〉 denotes a basis
state for a qudit. This GHZ state is a common eigen-
state with the unity eigenvalue of any composite ob-
servable Xˆ⊗N ≡ Xˆ ⊗ Xˆ ⊗ · · · ⊗ Xˆ as Xˆ⊗N |ψ〉 = |ψ〉,
where the local observable Xˆ is defined by applying quan-
tum Fourier transformation Fˆ on a reference unitary
observable Zˆ =
∑D−1
n=0 ω
n|n〉〈n| with ω = exp(2pii/D),
that is Xˆ = Fˆ ZˆFˆ † [17]. An eigenvector of Xˆ associ-
ated with the eigenvalue ωn is given by |n〉x = Fˆ |n〉 =
1√
D
∑D−1
m=0 ω
nm|m〉. With the standard basis set {|n〉},
the observable Xˆ is written as Xˆ =
∑D−1
n=0 |n〉〈n + 1|,
where |n〉 ≡ |n mod D〉.
To construct a set of concurrent composite observ-
ables, we employ a unitary operation in the form
of Uˆ =
⊗N
k=1 Pˆk(fk) with a phase shifter Pˆk =∑D−1
n=0 ω
fk(n)|n〉〈n|. If “phases” fk(n) satisfy a condition,
N∑
k=1
fk(n) ≡ 0 mod D, (1)
for each n, then the unitary operator Uˆ leaves the GHZ
state |ψ〉 invariant. This simple invariance condition en-
ables one to construct a large number of concurrent ob-
servables which have a common eigenstate of the gener-
alized GHZ state.
Let us apply the unitary operation Uˆ with the phases
fk(n) = αkn with rational numbers αk to Xˆ
⊗N . If the
phases fk(n) satisfy the invariance condition (1), the
transformed observable UˆXˆ⊗N Uˆ † = Xˆ(α1) ⊗ Xˆ(α2) ⊗
· · ·⊗Xˆ(αN ) is concurrent with Xˆ
⊗N , i.e., UˆXˆ⊗N Uˆ †|ψ〉 =
|ψ〉. For each eigenvalue ωn, the eigenvector of the local
observable Xˆ(α) is given by applying the phase shifter Pˆ
on |n〉x as |n〉α = Pˆ |n〉x =
1√
D
∑D−1
m=0 ω
(n+α)m|m〉. The
observable Xˆ(α) can be written in the standard basis set
{|n〉} as
Xˆ(α) = ω−α
(
D−2∑
n=0
|n〉〈n+ 1|+ ωαD|D − 1〉〈0|
)
. (2)
Note that if α is an integer, the measurement basis set
{|n〉α} of Xˆ(α) will be the same as {|n〉x} of Xˆ except
the ordering, i.e., |n〉α = |n+α〉x. Thus, Xˆ(α) = ω
−αXˆ.
That is, the observable Xˆ(α) is equivalent to Xˆ , up to
a phase factor ω−α. Let |n〉α be the eigenstate of Xˆ(α)
associated with eigenvalue ωn, and |m〉β the eigenstate
of Xˆ(β) associated with ωm. If and only if α differs
from β by an integer, then two measurement bases sat-
isfy |α〈n|m〉β |
2 = δD(γ), where γ = m−n+ β−α. Here
δD(γ) = 1 if γ is congruent to zero modulo D and other-
wise δD(γ) = 0. That is, if β − α is not an integer, two
local observables Xˆ(α) and Xˆ(β) are inequivalent.
III. GENERALIZED GHZ THEOREM
A. Four-qudit system
We first illustrate our idea by considering a four-qudit
system. Already this case goes significantly beyond the
previous studies [11, 13–15]. Take a four-qudit GHZ
3state |ψ〉 = 1√
D
∑D−1
n=0 |n, n, n, n〉 (here D is assumed
to be an integral multiple of 3). The qudits are dis-
tributed to four sufficiently separated parties. Each
party performs one of two nondegenerate local measure-
ments on his or her qudit, each of which produces dis-
tinguishable D outcomes. We represent the measure-
ment for the k-th party by Mˆk, and the eigenvalues of
the observables are of the form ωmk , where mk is an
integer. One can denote a joint probability that each
party obtains the result ωmk by P(m1,m2,m3,m4), and
define a correlation function EQM(M1,M2,M3,M4) =
〈ψ|Mˆ1 ⊗ Mˆ2 ⊗ Mˆ3 ⊗ Mˆ4|ψ〉, equivalently the quan-
tum average of products of the measurement results:∑D−1
m1=0
· · ·
∑D−1
m4=0
ω
∑
4
i=1
miP(m1,m2,m3,m4). When
all measurements are Xˆ, that is, each Mˆi = Xˆ, since
Xˆ⊗ Xˆ⊗ Xˆ⊗ Xˆ|ψ〉 = |ψ〉, one has EQM(X,X,X,X) = 1.
This implies that we have a perfect GHZ correlation. If
arbitrary three parties know their own outcomes ωxi of
measurements Xˆ, then they can predict with certainty
the remaining party’s outcome. We will denote such a
perfect correlation by
CQM(x1 + x2 + x3 + x4 ≡ 0). (3)
The sum is taken modulo D; such a convention is used
below in all formulas.
Let us construct concurrent composite observables
from the observable vˆ0 = Xˆ
⊗4, by applying a unitary
operator Uˆ1 = Pˆ1 ⊗ Pˆ
⊗3
2 , with the phase shifters Pˆk of
phases f1(n) = (D − 1)n and f2(n) = n/3. One of the
new observables is vˆ1 ≡ Uˆ1vˆ0Uˆ
†
1 = Xˆ(D−1)⊗Xˆ(1/3)
⊗3.
The phases fk(n) satisfy the invariance condition (1),
f1(n) + 3f2(n) ≡ 0 mod D. Thus, the observable vˆ1 has
|ψ〉 as its eigenstate with eigenvalue 1. By Eq. (2) one
has Xˆ(D − 1) = ωXˆ(0), and Yˆ ≡ Xˆ(1/3) is given by
Yˆ = ω−1/3
(
D−2∑
n=0
|n〉〈n+ 1|+ ωD/3|D − 1〉〈0|
)
. (4)
The observable Yˆ = Xˆ(1/3) is not equivalent to Xˆ =
Xˆ(0) [see the explanation below Eq. (2]. The other three
concurrent observables are obtained by vˆl ≡ Uˆlvˆ0Uˆ
†
l , l ∈
{2, 3, 4}, where the unitary operators Uˆl are composed of
the cyclic permutations of the local phase shifters: Uˆ2 =
Pˆ2⊗ Pˆ1⊗ Pˆ2⊗ Pˆ2, Uˆ3 = Pˆ2⊗ Pˆ2⊗ Pˆ1⊗ Pˆ2, and Uˆ4 = Pˆ2⊗
Pˆ2⊗Pˆ2⊗Pˆ1. The perfect correlations for vˆi (i = 1, . . . , 4)
are, respectively, given by
CQM(x1 + y2 + y3 + y4 ≡ −1),
CQM(y1 + x2 + y3 + y4 ≡ −1),
CQM(y1 + y2 + x3 + y4 ≡ −1),
CQM(y1 + y2 + y3 + x4 ≡ −1), (5)
where ωyi is an outcome of measurement Yˆ for the i-th
party.
Local realistic theories assume that the outcomes of the
measurements are predetermined, before the actual mea-
surements. This implies that the values of local realistic
predictions for the correlations (5), for each experimental
run, must satisfy:
ωx1ωy2ωy3ωy4 = ω−1,
ωy1ωx2ωy3ωy4 = ω−1,
ωy1ωy2ωx3ωy4 = ω−1,
ωy1ωy2ωy3ωx4 = ω−1. (6)
If local realism is also to reproduce quantum perfect cor-
relations for the case of vˆ0 = Xˆ
⊗4, one must have for
each run,
ωx1ωx2ωx3ωx4 = 1. (7)
However, one sees that this is possible only provided
ω−3
∑
4
i=1
yi−4 = 1 if one multiplies side-by-side all equa-
tions (6). As ω = exp(2pii/D), if D = 3d where d is an
integer, one can use the fact that an elementary algebra
shows that there is no integer solution of the equation
3y + 4 ≡ 0 mod D. Thus local realistic correlation (7)
is impossible.
It is worth noting that the approach with concurrent
observables relaxes the restrictions of early studies requir-
ing compatible observables. This enables one to generalize
GHZ contradictions beyond the case N > D studied in
Refs. [11, 13].
Note, that to prove the four-partite GHZ contradic-
tion, we chose the local dimension D and the number of
the observables Yˆ ’s in the considered correlation func-
tions, N2, such that the greatest common divisor (gcd)
of D and N2, here gcd(D,N2) = 3, does not divide the
number of parties N = 4, or equivalently the number N1
of the observables Xˆ (here equal to 1). This mathemati-
cal property plays a central role in the generalization of
the GHZ contradiction to an arbitrary number of parties.
B. Extending to N qudits system
We extend our approach into a general case of N qu-
dits, N ≥ 3, such that N is nondivisible by any nonunit
divisor of D, smaller than N . To this end, we use a
set of (N + 1) concurrent observables given by vˆ0 =
Xˆ⊗N and N observables of the following forms: vˆ1 =
ωXˆ⊗N1 ⊗ Yˆ ⊗N2 and vˆk = Yˆ ⊗k−1 ⊗ωXˆ⊗N1 ⊗ Yˆ ⊗N2−k+1
for k = 2, . . . , N2+1 and finally vˆk = Xˆ
⊗k−N2−1⊗Yˆ ⊗N2⊗
ωXˆ⊗N−k+1 for k = N2 + 2, . . . , N .
The composite observable vˆ1 is obtained by a unitary
transformation, Uˆ1 = Pˆ1 ⊗ 1
⊗N1−1 ⊗ Pˆ⊗N22 , of the ob-
servable vˆ0, i.e., vˆ1 = Uˆ1vˆ0Uˆ
†
1 , with the phase shifters Pˆ1
and Pˆ2 of phases f1(n) = (D − 1)n and f2(n) = n/N2,
respectively. The local observables Xˆ = Xˆ(0) and
Yˆ = Xˆ(1/N2) are given by Eq. (2). Likewise, we ob-
tain the other concurrent observables vˆl (2 ≤ l ≤ N)
by cyclic permutations in the unitary operator Uˆ1, as
it was done for the four-partite case. The phases sat-
isfy the invariance condition (1) as f1(n) +N2f2(n) ≡ 0
mod D. Thus, the N -partite generalized GHZ state
4|ψ〉 = 1√
D
∑D−1
n=0
⊗N
k=1 |n〉k is a common eigenstate of
all the (N + 1) concurrent observables vˆl (l = 0, . . . , N),
with the same eigenvalue 1. This leads to the follow-
ing values of correlation functions (for later convenience
we use party indices i = 1, . . . , N , which will later on
allow us to get a more concise notation in formulas).
If all local observables are Xˆ , that is, for global vˆ0,
one has EQM(X,X, . . . , X) = 1. Thus we have a per-
fect correlation which can be denoted, in the way in-
troduced earlier, as CQM(
∑N
i=1 xi ≡ 0). For vˆk, where
k = 1, 2, . . . , N , one has perfect correlations of the follow-
ing forms: for k = 1, CQM(
∑N1
i=1 xi+
∑N
i=N1+1
yi ≡ −1),
and for k = 2, . . . , N2+1, CQM(
∑k−1
i=1 yi+
∑N1+k−1
i=k xi+∑N
i=N1+k
yi ≡ −1), and finally for k = N2 + 2, . . . , N ,
CQM(
∑k−N2−1
i=1 xi +
∑k−1
i=k−N2 yi +
∑N
i=k xi ≡ −1).
Following similar arguments as in the case of the four-
partite GHZ contradiction, we obtain the following con-
dition for the local realistic correlation function for the
composite observable vˆ0 = Xˆ
⊗N , to have value equal to
the quantum prediction, that is, 1. It reads (modulo D)
N1
N∑
i=1
xi ≡ −N2
N∑
i=1
yi −N ≡ 0. (8)
However, if N2 is an integral multiple of g but N cannot
be divided by g, then there are no solutions of y =
∑
i yi
to the equationN2y+N ≡ 0 mod D. The greatest com-
mon divisor of N2 and D is an integral multiple of g, i.e.,
gcd(N2, D)=kg for some positive integer k but kg cannot
divide N as N is not an integer multiple of g. Thus we
have a contradiction with the quantum prediction.
In order to show a GHZ contradiction for N -partite
and D-dimensional system, we choose that (a) D = dg,
(b) N2 = ηg, where d and η are positive integers, and
(c) N cannot be divided by g. Choosing the integer g,
a nonunit divisor D, plays a crucial role. For example,
consider four six-dimensional systems. The nonunit di-
visors g, smaller than N = 4, are 2 and 3. If we choose
g = 2, then we are unable to see any four-partite GHZ
contradiction as the greatest common divisor (gcd) of N2
and D, gcd(N2 = 2, D = 6) = 2, divides N = 4. On the
other hand, if we choose g = 3, the four-partite GHZ
contradiction can be proved as gcd(N2 = 3, D = 6) = 3
and g = 3 does not divide N = 4. This is a specific
example of a GHZ contradiction for a (4, 2, 3d) problem.
As a consequence, we conclude that one is always able
to prove the GHZ contradiction for the N(≥ 3)-partite
and D(≥ 2)-dimensional systems as long as N cannot be
divided by all nonunit divisors of D.
For appropriate values of N and D, our approach re-
produces the previous works [11, 13, 14]. A GHZ con-
tradiction for (D + 1) qudits shown in Ref. [11] is re-
produced by choosing N1 = 1 and N2 = D in our
method, and noticing the fact that N1 = 1 is indivisible
by D = gcd(N2 = D,D). The case of (odd N, 2, even D)
studied in Refs. [13, 14] can be also proved by choosing a
nonunit divisor g = 2 of D and an arbitrary odd integer
N1. One can also easily check that if N2 = D = 2 and
N1 = 1, then our contradiction is reduced to the original
GHZ theorem [3].
C. Genuinely N-partite D-dimensional case
The GHZ theorem for the two-dimensional systems
seems to be fully understood. However, for more complex
systems this is not so. Cerf et al. suggested a criterion
for a genuinely N -partite (D-dimensional) GHZ contra-
diction [13]. It arises only for the given full N -partite
(D-dimensional) system, but not for any n(< N)-partite
subset, or for an effectively lower dimensionality of the
involved observables. For example, the three-qubit clas-
sic GHZ theorem can be put as the theorem for three
qutrits, and specific entangled GHZ states involving only
two-dimensional subspaces for each qutrit.
The GHZ contradiction we show here is a genuinely
N -partite one, as it is constructed using a set of com-
posite observables composed of cyclic permutations. Let
us explain this with the four-partite GHZ contradiction,
where we used the five concurrent composite observables:
Xˆ ⊗ Xˆ ⊗ Xˆ ⊗ Xˆ , Xˆ ⊗ Yˆ ⊗ Yˆ ⊗ Yˆ , Yˆ ⊗ Xˆ ⊗ Yˆ ⊗ Yˆ ,
Yˆ ⊗Yˆ ⊗Xˆ⊗Yˆ , and Yˆ ⊗Yˆ ⊗Yˆ ⊗Xˆ. In such circumstances,
if we eliminate one of the parties, we are unable to show a
GHZ contradiction with the remaining observables. The
four-partite GHZ state is no longer their common eigen-
state. Similar argument can be put forward in the case
of our N -partite theorem.
The genuine D dimensionality is reflected by the fact
that the operators are undecomposable to a direct sum
of any subdimensional observables [14]. In other words,
if two local observables Xˆ and Yˆ can be simultane-
ously block diagonalized by some similarity transforma-
tion Sˆ such that SˆXˆSˆ† = Xˆ1 ⊕ · · · ⊕ XˆK and SˆYˆ Sˆ† =
Yˆ1 ⊕ · · · ⊕ YˆK , then there exist some eigenstates |n〉α of
Xˆ and |m〉β of Yˆ such that α〈n|Sˆ
†Sˆ|m〉β = 0 and one
can find a sub-dimensional GHZ contradiction. However,
there are no such eigenstates in our method because for
every n and m, |α〈n|m〉β |
2 = sin
2(piξ)
D2 sin2[(pi/D)ξ] > 0, where
ξ = m− n+ β − α. As, the local observables Xˆ = Xˆ(α)
and Yˆ = Xˆ(β) are such that β−α is not an integer, ξ is
a nonintegral rational number. Thus, our GHZ contra-
diction is genuinely D dimensional.
IV. SUMMARY
We construct a generalized GHZ contradiction for mul-
tipartite and high-dimensional systems. The GHZ theo-
rem holds as long as N is not divisible by all nonunit
divisors of D, smaller than N . We also demonstrate that
our formulation of a generalized GHZ contradiction is
genuinely N partite and D dimensional. For this pur-
pose, we employ concurrent composite observables, which
have a generalized GHZ state as a common eigenstate
5(even though these observables are incompatible). Our
approach, by using concurrent observables, enables us to
find a broader class of GHZ contradictions. There re-
main still more possibilities for constructing concurrent
observables, which may help in further extension of the
GHZ theorem. We hope that our approach of concurrent
observables would be useful in the search of other kinds
of quantum correlations, which are impossible classically.
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